Existence of a doubly periodic solution to a forced semilinear wave equation is established.
Introduction.
Let J = [0,27r] x [0,2-n) and let /: J x R -> R, (t, x, s) h-> f(t,x,s), be a function satisfying the Carathéodory conditions. Assume there is a number A > 0 and a function B G L2(J) such that for each s G R and (t, x) G J we have (1.1) ■ \f(t,x,s)\<A\s\ + B(t,x).
Let h G L2(J). We consider the existence (in the weak sense) of solutions 2tt-periodic in each of x and t for the semilinear wave equation If A G R the doubly 27r-periodic problem for
has a unique weak solution for every h G L2(J) if and only if A ^ E, where £ = {n2 -m2 : (m,n) G Z x Z} = {..., A_2, A_i, A0 = 0, Ai, A2,...} and Z denotes the integers.
Existence results for (1.2) with any of the usual boundary conditions (e.g., doubly periodic, periodic-Dirichlet) usually require / to be monotone in s. The monotonicity enables one to work around difficulties created by the infinite multiplicity of the eigenvalue Ao = 0.
It is known that, with our boundary conditions, (1.2) has a solution for each h G H if / is monotone in s and is asymptotically between (and bounded away from) two successive eigenvalues (Mawhin [M.l] ).
or if / is monotone in s and "jumps" (asymptotically, going from -oo to +oo) from one eigenvalue to the next, or to the one below (provided neither is Ao = 0) (Willem [Wi] 
is monotone nondecreasing in s for each (t,x) G J. (c2) There is a number a > 0 and a function ß G H such that \f(t,x,s)\ < f(t,x,s) + a\s\ + ß(t,x) for all (t, x, s) G J x R.
(c3) There is a number rjo > 0 such that 0 < rjo < ¡}0^\s\^oos~1f(t,x,s), uni-
Then there is a number ao > 0 such that a weak solution to the doubly 2n-periodic problem for (1.2) exists whenever a < ag. REMARK 1. One may instead assume f(t, x, s) is nonincreasing in s and the existence of r/o < 0 with 0 > rjo > lim|s|^oo s~1f(t, x, s). One may also replace / in (c2) by -/.
As a corollary we have the following result on jumping nonlinearities. Consider the equation
where u+ = max(tt,0), u~ = max(-u, 0), and u = u+ -u~. Suppose h G L2(J) and g: JxR-tR satisfies the Carthéodory conditions and (1.1).
COROLLARY 1. Let a_ and a+ be positive numbers. Suppose f(t,x,s) : = -a-S~ + a+s+ + g(t,x,s) is monotone nondecreasing in s and lim s~1g(t,x,s) = 0, |s|-*oo uniformly for (t, x) G s. Then there is a number ar, > 0 such that (2.1) has a weak doubly 2it-periodic solution provided 0 < a_ < Qo (or 0 < a+ < ao). (ao does not depend on a+,g, or h.) REMARK 2. A similar corollary is true with a_, a+ negative and f(t,x,s) nonincreasing in s. The operator (L -£qI)~1 is not compact. Nevertheless, it follows from a theorem in Willem's paper [Wi] (or see [M.2] ) that it suffices to show that all possible solutions of (3.2) are bounded in H independently of A e]0,1[. If (u, X) is a solution of (3.2) with 0 < A < 1 then
and by taking inner products with 1 we derive, since (Lu, 1) = 0, (3.4) XI f(t,x,u)dtdx --(1 -A)e0 / udtdx-X h(t,x)dtdx.
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Taking absolute values in (3.3) and using (c2) we have a.e. on J:
\Lu(t,x)\ <(1 -A)e0|u(i,x)\ + Xf(t,x,u(t, x)) + a\u(t,x)\+ß(t,x) + \h(t,x)\.
Integrating over J and using (3.4) we obtain (3.5) \Lu\LÍ <(2£0 + a)\u\Li+Cx where Cx is a constant.
For u G H let us write u -uq + ux with uo G ker L and ux G ker L1-= Range L. It is known (cf., e.g., [L or C-H] ) that there is a constant p, > 0 such that for u = u0 +ux G D(L), |«i|i« < p.\Lui\Li.
Thus for any solution u of (3.2) we have |«iU« < p\Lux\l* < A*(2eo + a)|u|¿i + pC\ and (3.6) IuiIlcc <(2£o + a)C2||U||+C73
for some constants C2 and C3. Of course, by (3.5) we also have (3.7) |LUl|Li <(2e0 + a)C4||u||+Ci.
Taking the inner product of the expression on each side of (3.2) with u we derive for some constants kx,k2, and k3.
A subtraction yields (3.9) [e0 -(2£0 + a)2rci]||u||2 < fc2||u|| + k3.
By now choosing £0 and ao sufficiently small we can insure that, since a < ao, £0 -(2£o + a)2fci > 0, which, by (3.9), implies ||u|| < M for some constant M > 0. All possible solutions of (3.2) are thus bounded independently of A G ]0,1[, and (3.1) has a solution. PROOF OF THE COROLLARY. We take f(t, x, s) = -a^s~ + a+s+ + g(t, x, s).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use By hypothesis / is monotone nondecreasing in s. Also \f(t,x, s)\ <as~ + a+s+ + \g(t,x,s)\ <f(t,x,s)+2a-s~ +2\g(t,x,s)\.
By hypothesis, for each £ > 0 there exists ~je G H with \g(t,x,s)\ < s\s\ + ^E(t,x).
It follows that \f(t,x,s)\<f{t,x,8) +(2a.+2e)\s\+2-1e(t,x), which shows (c2) holds. Since e > 0 may be chosen arbitrarily small we can insure that 2a_ +2£ < ao, where ao is the number in Theorem 1, by requiring a_ < ao/2 and then choosing e. Since lim s~1f(t,x,s) > min(a_,a+) > 0, |s|->oo the corollary follows.
REMARK 5. Instead of looking for solutions 27r-periodic in t and x we could also formulate our results for solutions wi-periodic in t and w2-periodic in x if we insist that wi/w2 be a rational number. This would insure that the d'Alembertian with these boundary conditions is realized in H by a selfadjoint operator having properties like those of L above. If wi /w2 is irrational, small divisors appear in the right inverse of L which lead to unsolved difficulties.
A counterexample.
It is easy to see that the corollary is false if a_ = 0 and a+ > 0. For example, if g = 0 we have (4.1) Lu -a+u+ = h, and by taking inner products with 1 we see that h must satisfy (h, 1) < 0. Thus (4.1) cannot be solvable for all h G H. In spite of this, (4.1) is certainly solvable for some he H. One might expect a solution if (h,l) = Jh dt dx < 0.
We show however that there may not be a solution even then. It is easy to show that u G kerL if and only if u = p(t + x) + q(t -x) for some p, q each 27r-periodic on R with p,q G L2 (0,27r).
Let 0 < <5i < 62 < n and p: [0,27r] -> R be at least C2 smooth and defined by p(s) 3 if |tt-s| <<5i, 0 if ¡7T -s\ > 62 and 0 < s < 2tt, 0 < p(s) < 3 elsewhere.
Extend p 27r-periodically to all of R and define (j) G H by <p(t, x) -p(t + x) îor(t,x)GJ.
Then <j> G ker L; indeed, 0 is a smooth (classical) solution of utt -uxx = 0 and <f> is 27r-periodic in each of x and t. By choosing S2 sufficiently small we can insure that / 4>dtdx < 4n2.
On the other hand, by choosing ¿>i sufficiently close to 62, one can insure that / tpdtdx < / <p2 dtdx.
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Now consider (4.1) with h -<j> -1. We observe that / hdtdx= / <j> dt dx -Art2 < 0.
Suppose u G D(L) solves (4.2) Lu -a+u+ = 0-1.
Taking inner products with <j> we obtain, since (Lu, (f>) = 0, 0 > -a+ / u+4>dtdx = / (<f>-l)(j)dtdx > 0.
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